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A NOTE ABOUT FERMIONIC EQUATIONS OF ADS4 × CP
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It is proved that when 8 fermions associated with the supersymmetries broken by the AdS4×CP
3 superbackground are gauged
away by using the κ−symmetry corresponding equations obtained by variation of the AdS4 × CP
3 superstring action are
contained in the set of fermionic equations of the OSp(4|6)/(SO(1, 3)× U(3)) sigma-model.
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1 Introduction
The motivation for studying IIA superstring theory
on the AdS4 × CP
3 superbackground comes from the
AdS4/CFT3 correspondence in the formulation by
Aharony, Bergman, Jafferis and Maldacena [1] conjec-
turing that in the limit k5 ≫ N ≫ 1 it describes grav-
ity dual of the D = 3 N = 6 superconformal Chern-
Simons-matter theory with U(N)k × U(N)−k gauge
symmetry. In contrast to the maximally supersymmet-
ric AdS5 × S5 superbackground on which propagates
the IIB superstring involved into the AdS5/CFT4 cor-
respondence [2] the AdS4×CP
3 superbackground pre-
serves only 24 of 32 space-time supersymmetries that
complicates the structure of the superstring action [3]
and verification of the duality conjecture (for recent
review see, e.g. [4]).
However, within the AdS4 × CP
3 superspace there
exists a (10|24)−dimensional subsuperspace isomor-
phic to the OSp(4|6)/(SO(1, 3) × U(3)) supercoset
manifold on which the 2d sigma-model can be con-
structed [5], [6] using the supercoset approach elab-
orated to obtain the AdS5 × S
5 superstring action
[7]-[10] 1. One of important properties of such a
OSp(4|6)/(SO(1, 3) × U(3)) sigma-model is that its
equations of motion are manifestly classically inte-
grable [5], [6] similarly to the AdS5 × S5 superstring
case [12]. The OSp(4|6)/(SO(1, 3) × U(3)) sigma-
model action is known to arise from the complete
AdS4 × CP
3 superstring action [3] when 8 fermionic
coordinates associated with the broken supersymme-
tries are gauged away. As usual when imposing the
gauge conditions on the level of the action non-trivial
equations of motions for the gauged out variables
should not be lost. It was proved in [13] that to
leading order in the fermionic coordinates parametriz-
ing the OSp(4|6)/(SO(1, 3) × U(3)) supermanifold
corresponding equations of the AdS4 × CP
3 super-
string constitute a subset of fermionic equations of
the OSp(4|6)/(SO(1, 3)×U(3)) sigma-model. Here us-
ing that the OSp(4|6)/(SO(1, 3)× U(3)) sigma-model
equations are formulated in terms of the osp(4|6) Car-
tan forms we give a parametrization independent proof
i.e. to all orders in the fermionic coordinates.
Organization of this note is the following. After
recalling the Z4−grading of the osp(4|6) superalgebra
that is relevant to constructing geometric constituents
of the OSp(4|6)/(SO(1, 3)×U(3)) superspace we prove
that equations of motion corresponding to variation of
the action of massless AdS4 × CP
3 superparticle on
8 fermionic superspace coordinates associated with the
supersymmetries broken by the superbackground in the
limit when those coordinates are put to zero are con-
tained in the set of fermionic equations for the massless
superparticle on the OSp(4|6)/(SO(1, 3)×U(3)) super-
manifold. The proof is then generalized to the case of
AdS4 × CP
3 superstring.
2 osp(4|6) superalgebra and OSp(4|6)/(SO(1, 3)×
U(3)) supermanifold
At the heart of group-theoretic approach to description
of geometry of symmetric coset spaces G/H lies iden-
tification of the g/h coset Cartan forms with the viel-
bein components and of the stability algebra h Cartan
forms with the connection 1-form of the manifold G/H .
For the supercoset manifolds like OSp(4|6)/(SO(1, 3)×
U(3)) one on which the classically integrable sigma-
models can be defined [12], [14]-[17] important role is
1Another approach to the description of OSp(4|6)/(SO(1, 3) × U(3)) sigma-model based on introduction of the pure spinor
variables was considered in [11].
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played by Z4 automorphism of the isometry superalge-
bra g that generalizes Z2 automorphisms of the isome-
try algebras of corresponding bosonic coset manifolds.
So that the (anti)commutation relations of g can be
cast into the Z4−graded form
[g(j), g(k)} = g(j+k)mod4 (1)
with all the generators divided into 4 eigenspaces ac-
cording to their Z4 eigenvalues
Υ(g(k)) = i
k
g(k), k = 0, 1, 2, 3. (2)
For the osp(4|6) superalgebra relevant Z2−graded
form of so(2, 3) ∼ sp(4) and su(4) ∼ so(6) isome-
try algebras of AdS4 = SO(2, 3)/SO(1, 3) and CP
3 =
SU(4)/U(3) manifolds is given by the relations
[M0′m′ ,M0′n′ ] = Mm′n′ ,
[Mm′n′ ,M0′k′ ] = ηn′k′M0′m′ − ηm′k′M0′n′ ,
[Mk′l′ ,Mm′n′ ] = ηk′n′Ml′m′ − ηk′m′Ml′n′
− ηl′n′Mk′m′ + ηl′m′Mk′n′ .
(3)
and
[Ta, T
b] = i(Va
b + δbaVc
c),
[Ta, Vb
c] = −iδcaTb, [T
a, Vb
c] = iδabT
c,
[Va
b, Vc
d] = i(δbcVa
d − δdaVc
b).
(4)
The so(2, 3) generators M0′m′ and Mm′n′ (m
′, n′ =
0, ..., 3) are related to the D = 3 conformal group gen-
erators as
M0′m =
1
2 (Pm +Km), M0′3 = −D,
M3m =
1
2 (Km − Pm).
(5)
Thus the g(0) eigenspace is spanned by the generators
Mm′n′ and Va
b, while g(2) by the generatorsM0′m′ and
Ta, T
a. Using the isomorphism between the osp(4|6)
superalgebra and D = 3 N = 6 superconformal alge-
bra that is the symmetry algebra of the ABJM gauge
theory [18] one can span g(1) and g(3) eigenspaces by
Q(1)
a
µ = Q
a
µ + iS
a
µ, Q¯(1)µa = Q¯µa − iS¯µa;
Q(3)
a
µ = Q
a
µ − iS
a
µ, Q¯(3)µa = Q¯µa + iS¯µa,
(6)
whereQaµ, Q¯µa and S
a
µ, S¯µa are the generators ofD = 3
N = 6 super-Poincare and superconformal symmetries
carrying SL(2,R) spinor index µ = 1, 2 and SU(3)
(anti)fundamental representation index a = 1, 2, 3 in
accordance with the decomposition of SO(6) vector on
the SU(3) representations 6 = 3⊕ 3¯.
Left-invariant osp(4|6) Cartan forms in conformal
basis are defined by the relation [19]
C(d) = G−1dG = ωm(d)Pm + cm(d)Km
+ ∆(d)D +Ωa(d)T
a +Ωa(d)Ta
+ ωµa (d)Q
a
µ + ω¯
µa(d)Q¯µa + χµa(d)S
µa
+ χ¯aµ(d)S¯
µ
a +G
mn(d)Mmn +Ωa
b(d)Vb
a.
(7)
By analogy with the osp(4|6) generators they can be
arranged in the form
C(d) = C(0) + C(2) + C(1) + C(3), (8)
where each summand takes value in respective
eigenspace under the Z4 grading
C(0) = 2G
3mM3m +G
mnMmn +Ωa
bVb
a,
C(2) = 2G
0′mM0′m +∆D +ΩaT
a +ΩaTa,
C(1) = ω(1)
µ
aQ(1)
a
µ + ω¯(1)
µaQ¯(1)µa,
C(3) = ω(3)
µ
aQ(3)
a
µ + ω¯(3)
µaQ¯(3)µa.
(9)
So that the Cartan forms G0
′m(d) = 12 (ω
m(d)+cm(d)),
∆(d) and Ωa(d), Ω
a(d) associated with the g(2) genera-
tors are identified with the OSp(4|6)/(SO(1, 3)×U(3))
supervielbein bosonic components and fermionic Car-
tan forms
ω(1)
µ
a(d) =
1
2 (ω
µ
a (d) + iχ
µ
a(d)),
ω(3)
µ
a(d) =
1
2 (ω
µ
a (d)− iχ
µ
a(d))
(10)
and c.c. are identified with the OSp(4|6)/(SO(1, 3)×
U(3)) supervielbein fermionic components. Ac-
cordingly Cartan forms for the g(0) generators
G3m(d) = − 12 (ω
m(d) − cm(d)), Gmn(d) and Ωa
b(d)
are identified with the connection 1-form on the
OSp(4|6)/(SO(1, 3)× U(3)) supermanifold.
3 OSp(4|6)/(SO(1, 3)× U(3)) superparticle
Massless superparticle action on the OSp(4|6)/
(SO(1, 3)× U(3)) supercoset manifold [6]
Ssp =
∫
dτ
e
(Gτ
0′
mGτ
0′m +∆τ∆τ +ΩτaΩτ
a), (11)
constructed out of the world-line pullbacks of Cartan
forms from the C(2) eigenspace, is by definition invari-
ant under the OSp(4|6) global symmetry acting as the
left group multiplication on G ∈ OSp(4|6)/(SO(1, 3)×
U(3)). Action variation w.r.t. Lagrange multiplier e(τ)
produces the mass-shell constraint
Gτ
0′
mGτ
0′m +∆τ∆τ +ΩτaΩτ
a = 0. (12)
Applicability of the supercoset approach implies that
Ωτa 6= 0 [5], [3] so that Gτ
0′
mGτ
0′m + ∆τ∆τ ≡
Gτ ·Gτ +∆2τ 6= 0.
2
Variation of the action (11) is contributed by vari-
ations of the constituent so(2, 3)/so(1, 3)⊕ su(4)/u(3)
Cartan forms that can be obtained from the general
expression
δF(d) = diδF + iδdF (13)
upon substitution in the second summand Maurer-
Cartan equations for C(2) Cartan forms [19]
dG0
′m− 2G3m ∧∆− 2Gmn ∧G0
′
n
+ 2iω(1)
µ
a ∧ σ
m
µν ω¯(1)
νa + (1↔ 3) = 0,
d∆+ 2G3m ∧G0
′
m
+ 2ω(1)
µ
a ∧ ω¯(1)
a
µ − (1↔ 3) = 0,
dΩa+ iΩb ∧ (Ωba + δabΩc
c)
− 2iεabcω(1)
µ
b ∧ ω(1)µc + (1↔ 3) = 0,
dΩa+ i(Ωa
b + δbaΩc
c) ∧ Ωb
− 2iεabcω¯(1)
µb∧ ω¯(1)µ
c+ (1↔ 3) = 0.
(14)
Then taking the contractions of the Cartan forms (8)
with the variation symbol iδ as independent parame-
ters yields the set of superparticle equations of motion
[20].
Here we concentrate on the fermionic equations
that can be brought to the form
M(1)τ
µ
aˆ
bˆ
ν
(
ω(1)τ
ν
b
ω¯(1)τ
νb
)
= 0 (15)
where the 12× 12 matrix M(1)τ
µ
aˆ
bˆ
ν of rank 8 equals(
δbamτ
µ
ν −iδµν εacbΩτ
c
−iδµν ε
acbΩτc −δab m¯τ
µ
ν
)
(16)
and 2× 2 matrices
mτ
µ
ν = −iGτ 0
′mσm
µ
ν +∆τδ
µ
ν ,
m¯τ
µ
ν = iGτ
0′mσm
µ
ν +∆τ δ
µ
ν
(17)
obey the relation
mτ
µ
νm¯τ
ν
λ = δ
µ
λ(Gτ ·Gτ +∆
2
τ ). (18)
Similarly equations for Cartan forms corresponding to
the generators from the g(3) eigenspace read
M(3)τ
µ
aˆ
bˆ
ν
(
ω(3)τ
ν
b
ω¯(3)τ
νb
)
= 0 (19)
with
M(3)τ
µ
aˆ
bˆ
ν =
(
−δbam¯τ
µ
ν iδ
µ
ν εacbΩτ
c
iδµν ε
acbΩτc δ
a
bmτ
µ
ν
)
. (20)
At the same time since the OSp(4|6)/(SO(1, 3) ×
U(3)) superparticle action comes about upon gauging
away 8 coordinates from the broken supersymmetries
sector in the action for massless superparticle on the
AdS4 × CP
3 superbackground [20] that can be viewed
as the zero-mode limit of the AdS4 × CP
3 superstring
[3] or the mass-to-zero limit of the D0-brane [21] the
equations of motion for gauged away fermions require
special attention. It appears that they are non-trivial
and can be brought to the form [20]
Ωτ
bω(1,3)τ
ν
b = Ωτbω¯(1,3)τ
νb = 0. (21)
Below we shall show that 8 equations (21) are con-
tained in the set of equations (15), (19).
Consider in detail the system of equations (15). Ap-
plying rank 8 projection matrix
Π(1)=
(
δbaδ
µ
ν −i
mτ
µ
ν
Gτ ·Gτ+∆2τ
εacbΩτ
c
i m¯τ
µ
ν
Gτ ·Gτ+∆2τ
εacbΩτc δ
a
b δ
µ
ν
)
(22)
that satisfies Π3(1) − 3Π
2
(1) + 2Π(1) = 0 and recalling
that Gτ · Gτ + ∆2τ 6= 0 allows to bring (15) to the
block-diagonal form(
mτ
µ
νΩτaΩτ
b 0
0 −m¯τµνΩτ aΩτb
)(
ω(1)τ
ν
b
ω¯(1)τ
νb
)
=0.
(23)
Further using (18) yields that the system (23) is equiv-
alent to 4 equations
Ωτ
bω(1)τ
ν
b = Ωτbω¯(1)τ
νb = 0 (24)
coinciding with (21). Analogously it can be shown that
the system (19) includes equations
Ωτ
bω(3)τ
ν
b = Ωτbω¯(3)τ
νb = 0. (25)
4 OSp(4|6)/(SO(1, 3)× U(3)) sigma-model
The OSp(4|6)/(SO(1, 3) × U(3)) sigma-model [5], [6]
action in conformal basis for the osp(4|6)/(so(1, 3) ×
u(3)) Cartan forms can be written as [19]
Ss−m =
∫
d2ξ(Lkin +LWZ) (26)
with the kinetic and Wess-Zumino Lagrangians given
by
Lkin = −
1
2γ
ij
(
G0
′m
i Gj
0′
m+∆i∆j+ΩiaΩj
a
)
= − 12γ
ij
(
1
4 (ωim + cim)(ω
m
j + c
m
j )
+ ∆i∆j +ΩiaΩj
a)
(27)
3
and
LWZ = −εij
(
ω(1)i
µ
aεµν ω¯(3)j
νa + (1↔ 3)
)
= − 12ε
ij
(
ωi
µ
aεµν ω¯j
νa + χiµaε
µν χ¯j
a
ν
)
.
(28)
Fermionic equations of the OSp(4|6)/(SO(1, 3) ×
U(3)) sigma-model [5], [6] can be cast into the follow-
ing form [19] generalizing superparticle equations (15),
(19)
V ij+ M(1)i
µ
aˆ
bˆ
ν
(
ω(1)j
ν
b
ω¯(1)j
νb
)
= 0 (29)
and
V ij− M(3)i
µ
aˆ
bˆ
ν
(
ω(3)j
ν
b
ω¯(3)j
νb
)
= 0, (30)
where V ij± =
1
2 (γ
ij±εij) are (anti)self-dual world-sheet
projectors and 12 × 12 matrices that now also bear
world-sheet vector index i = (τ, σ) are defined as
M(1)i
µ
aˆ
bˆ
ν =
(
δbami
µ
ν −iδ
µ
ν εacbΩi
c
−iδµν ε
acbΩic −δab m¯i
µ
ν
)
(31)
and
M(3)i
µ
aˆ
bˆ
ν =
(
−δbam¯i
µ
ν iδ
µ
ν εacbΩi
c
iδµν ε
acbΩic δ
a
bmi
µ
ν
)
. (32)
Apart from these equations similarly to the super-
particle case there remain non-trivial equations for 8
fermions from the sector of broken supersymmetries
that can be brought to the form [22]
V ij+ Ωi
bω(1)j
ν
b = V
ij
+ Ωibω¯(1)j
νb = 0,
V ij− Ωi
bω(3)j
ν
b = V
ij
− Ωibω¯(3)j
νb = 0.
(33)
In the remaining part of this section we shall show that
they are contained in the set of fermionic equations
(29), (30) of the OSp(4|6)/(SO(1, 3) × U(3)) sigma-
model.
Recalling that the action of the projectors V ij± on a
vector can be factorized as
V ij± Fj = V
i
±F∓ : V
i
± =
1
2
(
1
γτσ∓1
γττ
)
,
F∓ = γ
ττFτ + (γ
τσ ± 1)Fσ
(34)
one can write Eqs. (29), (30) in the form
M(1)+
µ
aˆ
bˆ
ν
(
ω(1)−
ν
b
ω¯(1)−
νb
)
= 0 (35)
and
M(3)−
µ
aˆ
bˆ
ν
(
ω(3)+
ν
b
ω¯(3)+
νb
)
= 0, (36)
where now
M(1)+
µ
aˆ
bˆ
ν =
(
δbam+
µ
ν −iδµν εacbΩ+
c
−iδµν ε
acbΩ+c −δab m¯+
µ
ν
)
(37)
and
M(3)−
µ
aˆ
bˆ
ν =
(
−δbam¯−
µ
ν iδ
µ
ν εacbΩ−
c
iδµν ε
acbΩ−c δ
a
bm−
µ
ν
)
, (38)
that is similar to the superparticle equations (15), (19).
Note that application of the projectors V ij± to the Vi-
rasoro constraints gives [19]
G±
0′
mG±
0′m +∆2± +Ω±aΩ±
a = 0 (39)
generalizing the superparticle mass-shell condition (12)
so that the matrices m±
µ
ν can be shown to satisfy the
relations
m±
µ
νm¯±
ν
λ = δ
µ
λ(G± ·G± +∆
2
±) (40)
generalizing (18). Thus repeating the analysis
performed for the superparticle case we conclude
that Eqs. (33) are contained in the system of
OSp(4|6)/(SO(1, 3) × U(3)) sigma-model fermionic
equations (29), (30).
5 Conclusion
We have proved that in the partial κ−symmetry gauge
in which 8 fermionic coordinates corresponding to the
supersymmetries broken by AdS4 × CP
3 superback-
ground are set to zero equations of motion obtained
by variation of the AdS4 × CP
3 superstring action
w.r.t to such coordinates are contained in the fermionic
equations of the OSp(4|6)/(SO(1, 3) × U(3)) sigma-
model generalizing the argument of Ref. [13]. This
provides yet another necessary consistency check of the
OSp(4|6)/(SO(1, 3)× U(3)) sigma-model approach to
the description of the certain sector of AdS4 × CP
3
superstring dynamics and shows that in such a par-
tial κ−symmetry gauge all the non-trivial equations of
AdS4×CP
3 superstring can be reduced to those deriv-
able from the OSp(4|6)/(SO(1, 3)×U(3)) sigma-model
action.
The situation changes when the gauge condition
is relaxed to allow non-trivial dynamics in the sec-
tor of broken supersymmetries. This lifts restric-
tions on admissible string motions imposed in the
framework of the OSp(4|6)/(SO(1, 3) × U(3)) sigma-
model approach and also equations of motion for the
fermions related to the broken supersymmetries be-
come independent of those for the fermions associated
with the unbroken supersymmetries of the background.
4
Both sets are involved in proving integrability of the
AdS4 × CP
3 superstring/superparticle equations be-
yond the OSp(4|6)/(SO(1, 3) × U(3)) supercoset [13],
[23]2, [22], [20].
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